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Where does the eq. come from?

Collective behaviour. . . how do people/things influence each other?

• Pedestrian flow,

• Opinion formation, voting, choosing a film etc.

• Biological species + chemical kinetics, «prey-predator»models,
cross-diffusion systems

• Finance, interacting banks, currency exchange

All these can be modeled using interacting particle systems
(Google Images)
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Active Brownian system

Many-particle system of SDEs each particle i = 1, . . . ,N has position
and orientation:

dX i =
√

2DTdW i + v0e(Θi )dt −
N∑
j ̸=i

∇Φ((X i − X j)/ℓ)dt,

dΘi =
√

2DRdWi ,

• X i ∈ T2 particle position, Θi ∈ T particle orientation

• W i ,Wi independent Brownian motions

• e(Θi ) = (cosΘi , sinΘi )

• Φ repulsive radial interaction potential with length ℓ
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Scaling limit

• Formal limit N →∞, ℓ→ 0 (SIAP ’22): scaling dictates limit PDE
with M. Bruna, M. Burger, A. Esposito

• Our (rescaled) formal derivation as Nℓ2 = o(1) reads as

∂t f + Pe divx((1− ρ)f eθ) = divx((1− ρ)∇x f + f∇xρ) + ∂2
θ f ,

ρ(t, x) =
∫ 2π
0 f (t, x , θ) dθ, eθ = (cos θ, sin θ), Pe is a «Péclet number»

• Focus of talk: regularity for this PDE
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Difficulties

• Drift term is non-local, non-linear, and “only affects the x variable” like in
kinetic theory with v ↔ θ:

∂t f + v · ∇x f = (. . . )←→ ∂t f + eθ · ∇x((1− ρ)f ) = (. . . )

=⇒ No natural maximum principle because 0-order term
(−∇ρ · eθ︸ ︷︷ ︸

no sign

)f . . . unlike in kinetic theory !

• Diffusion is non-local, non-linear, degenerate. . . and includes “infinite
cross-diffusion” div(f∇ρ)

• Not clear. . .what is the right functional setting?
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Problem statement

Periodic BC in x ∈ T2, θ ∈ T.

Regularity properties of

∂t f + div((1− ρ)f eθ) = div((1− ρ)∇f + f∇ρ) + ∂2
θ f ,

where ρ =
∫ 2π
0 f dθ and eθ = (cos θ, sin θ)

(div and ∇ only wrt x)
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Functional setting (. . . this will make sense. . . )

Lpt,x ,θ = Lp((0,T )× T3) etc.

X :=
{

0 ≤ f ∈L3
t,x ,θ

}
∩
{
ρ =

∫ 2π

0
f dθ ∈ [0, 1] a.e.

}
∩
{
∂θ
√
f ∈ L2

t,x ,θ, ∂t f ∈ (L6
tW

1,6
x ,θ )

′, ∂tρ ∈ (L2
tH

1
x )

′
}

∩
{
∇
√

1− ρ ∈ L2
t,x ,

√
1− ρ∇

√
f ∈ L2

t,x ,θ

}
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Notion of solution

Def. f ∈ X is a weak solution with periodic boundary conditions if, for all
ψ ∈ L6

tW
1,6
x ,θ , there holds

−⟨∂t f , ψ⟩+
∫

(1− ρ)f e(θ) · ∇ψ dx dθ dt

=

∫ [(
(1− ρ)∇f + f∇ρ

)
· ∇ψ + ∂θf ∂θψ

]
dx dθ dt.

. . . also for ψ ∈ C∞
c (R3) with integrals over all R3
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Main results

Theorem (Burger, S. ’24 DCDS)
Let T > 0 be arbitrary. Let f0 be non-negative initial data such that
f0 ∈ Lp(T3) for some p > 1 and

ρ0 =

∫ 2π

0
f0 dθ ∈ [0, 1] a.e.

Then, there exists f ∈ X a weak solution.

• Initial data attained as limt→0+ ∥f (t, ·)− f0∥(W 1,6
x,θ )

′ = 0.

Theorem (Alasio, S. ’25 NoDEA)
With “reasonable” structural assumptions on the initial data, any weak
solution is smooth: f ∈ C∞((0,T )× T3).
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Recap on weak solutions I

• Eq. can be interpreted as a perturbation of a gradient flow with
associated functional

E [f ] =

∫
T3

f log f dx dθ +
∫
T2
(1− ρ) log(1− ρ) dx ,

first variation E ′[f ] = log f
1−ρ =: u is the natural unknown

∂t f =divx ,θ
(
M(f , ρ)(∇x ,θE

′[f ]+drift)
)
,M(f , ρ)=

(
f (1−ρ)I2 0

0 f

)

• Solution constructed by boundedness-by-entropy method (rewrite eq. in
terms of u)

ρ[u] =

∫ 2π
0 eu dθ

1 +
∫ 2π
0 f dθ

, f [u] =
eu

1 +
∫ 2π
0 f dθ

.
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Recap on weak solutions II

• Main estimate for existence by testing with u = E ′[f ] . . . why? because
d
dtE [f ] = ⟨∂t f ,E

′[f ]⟩

ess sup
t∈[0,T ]

E [f ](t) +

∫
(1− ρ)|∇x ,θ

√
f |2 dx dθ dt

+

∫
|∇

√
1− ρ|2 dx dt +

∫
|∂θ
√
f |2 dx dθ dt

+

∫
|∇ρ|2 dx dt ≤ Cf0
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Why f ∈ L3
t,x ,θ?

• Interpolation à la DiBenedetto via Gagliardo–Nirenberg:

∥
√
f (t, x , ·)∥6L6

θ
≤ C∥∂θ

√
f (t, x , ·)∥2L2

θ
∥
√
f (t, x , ·)∥4L2

θ︸ ︷︷ ︸
=ρ(t,x)2≤1

+(bded domain term)

linear diffusion in θ is important for the existence problem.

• Much stronger interpolations are possible using first the Sobolev
inequality and then Hölder (on bounded domains!) + matching
exponents. . . (see Appendix A.1 of paper)

Lqt,x ,θ ↪→ L∞t,xL
2
θ ∩ L2

t,xH
1
θ ∀q ∈ [1,∞)

Interpolation à la non-DiBenedetto. . . we use this for reg. paper but not in
exist. paper
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Strategy of regularity proof

1. Show strict parabolicity for positive times (Moser)

2. H1 and H2 estimates (Moser + Galerkin + Gehring)

3. Bootstrap on time derivative

Simon Schulz (SNS Pisa) Regularity for degenerate nonlocal PDE 10th July 2025 17 / 29



Strategy of regularity proof

1. Show strict parabolicity for positive times (Moser)

2. H1 and H2 estimates (Moser + Galerkin + Gehring)

3. Bootstrap on time derivative

Simon Schulz (SNS Pisa) Regularity for degenerate nonlocal PDE 10th July 2025 17 / 29



Strategy of regularity proof

1. Show strict parabolicity for positive times (Moser)

2. H1 and H2 estimates (Moser + Galerkin + Gehring)

3. Bootstrap on time derivative

Simon Schulz (SNS Pisa) Regularity for degenerate nonlocal PDE 10th July 2025 17 / 29



Strategy of regularity proof

1. Show strict parabolicity for positive times (Moser)

2. H1 and H2 estimates (Moser + Galerkin + Gehring)

3. Bootstrap on time derivative

Simon Schulz (SNS Pisa) Regularity for degenerate nonlocal PDE 10th July 2025 17 / 29



Contents

1 Introduction

2 Main Results

3 Recap on weak solutions

4 «Weakly degenerate»parabolicity

5 H2 estimate via Galerkin

Simon Schulz (SNS Pisa) Regularity for degenerate nonlocal PDE 10th July 2025 18 / 29



The eq. for ρ

• Integrate eq. in θ:

∂tρ+ div((1− ρ)p) = ∆ρ,

where p =
∫ 2π
0 f eθ dθ.

• Clear that ρ ≤ 1 from eq. but where is ρ = 1?
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Infimum bound à la Moser

• Let v = (1− ρ)−1, for instance. . .

∂tv + div(pu)− 2p · ∇v = ∆v − 2
|∇v |2

v

• Usual parabolic estimate closes: v ∈ L2
t,locH

1
x

• =⇒ we are in a position to perform Moser iterations
∥v∥L∞((t,T )×T2) ≤ Ct

• We get
ess inf
(t,T )×T2

(1−ρ) ≥ ct a.e. t ∈ (0,T )

(lim supt→0+ ct = +∞)
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Consequence: H1 estimate for f

Now test eq. with f itself for t ≥ t0:

1
2

d
dt

∫
T3

f 2 +

∫
T3

(
(1− ρ)︸ ︷︷ ︸
ct0≤

|∇f |2 + |∂θf |2
)

=

∫
T3

f︸︷︷︸
∈L3

∇f∇ρ+
∫
T3
(1− ρ)f∇f · eθ

• 2nd term is fine, but first term ∇ρ isn’t regular enough. . . how to
proceed?

• go back to ρ eq.:

∂tρ−∆ρ = −div((1− ρ)p) ∈ L2
t,x

using the eq. for p. . . Calderón–Zygmund + Sobolev + Gehring implies ∇ρ
sufficiently integrable to close (need Lq with q > 6)
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Why Gehring?

• Interpolation (à la non-DiBenedetto) gives ∇ρ ∈ Lqt,x for all q ∈ [1,∞)
(because dimension = 2 and bounded domain T2)

• div((1−ρ)p)=−∇ρ︸︷︷︸
∈Lq

· p︸︷︷︸
∈L∞

+(1−ρ)divp . . . so ∇p better =⇒ ρ better

• Eq. for p now strictly parabolic for t ≥ t0 > 0:

∂tp + div( . . .︸︷︷︸
∈L∞

) = div((1− ρ)︸ ︷︷ ︸
≥ct0

∇p + p ⊗∇ρ)

L2
tH

1
x est. for p closes. . . Gehring =⇒ ∇p ∈ L2+δ

t,x

=⇒ div((1− ρ)p) ∈ L2+δ
t,x =⇒ ∂tρ−∆ρ ∈ L2+δ

t,x

Calderón–Zygmund =⇒ ∇ρ ∈ L2+δ
t W 1,2+δ

x ↪→ L2+δ
t L∞x (need this for

later. . . )
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f is bounded

Now f ∈ L3
t,x ,θ ∩ L2

tH
1
x for t ≥ t0 (any t0 > 0) eq. strictly parabolic for

t ≥ t0

• Moser iterations =⇒ f ∈ L∞t,locL
∞
x ,θ (keep in mind for later. . . )
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Formal H2 estimate

• Formally passing from div-form to non-div form:

∂t f + div((1− ρ)f eθ) = div((1− ρ)∇f + f∇ρ) + ∂2
θ f

= (1− ρ)∆f + f∆ρ+ ∂2
θ f .

• Test with ∆f for t ≥ t0:

d
dt

∫
T3
|∇f |2 +

∫
T3

( ct0≤︷ ︸︸ ︷
(1− ρ) |∆f |2 + |∂2

θ f |2
)

≤
∫
T3
|div((1− ρ)f eθ)|2 +

∫
T3

f 2︸︷︷︸
∈L∞t,x,θ

|∆ρ|2︸ ︷︷ ︸
∈L1+δ/2

t,x

• Formally, the estimate closes. . . how to make it rigorous?

Simon Schulz (SNS Pisa) Regularity for degenerate nonlocal PDE 10th July 2025 25 / 29



Formal H2 estimate

• Formally passing from div-form to non-div form:

∂t f + div((1− ρ)f eθ) = div((1− ρ)∇f + f∇ρ) + ∂2
θ f

= (1− ρ)∆f + f∆ρ+ ∂2
θ f .

• Test with ∆f for t ≥ t0:

d
dt

∫
T3
|∇f |2 +

∫
T3

( ct0≤︷ ︸︸ ︷
(1− ρ) |∆f |2 + |∂2

θ f |2
)

≤
∫
T3
|div((1− ρ)f eθ)|2 +

∫
T3

f 2︸︷︷︸
∈L∞t,x,θ

|∆ρ|2︸ ︷︷ ︸
∈L1+δ/2

t,x

• Formally, the estimate closes. . . how to make it rigorous?

Simon Schulz (SNS Pisa) Regularity for degenerate nonlocal PDE 10th July 2025 25 / 29



Formal H2 estimate

• Formally passing from div-form to non-div form:

∂t f + div((1− ρ)f eθ) = div((1− ρ)∇f + f∇ρ) + ∂2
θ f

= (1− ρ)∆f + f∆ρ+ ∂2
θ f .

• Test with ∆f for t ≥ t0:

d
dt

∫
T3
|∇f |2 +

∫
T3

( ct0≤︷ ︸︸ ︷
(1− ρ) |∆f |2 + |∂2

θ f |2
)

≤
∫
T3
|div((1− ρ)f eθ)|2 +

∫
T3

f 2︸︷︷︸
∈L∞t,x,θ

|∆ρ|2︸ ︷︷ ︸
∈L1+δ/2

t,x

• Formally, the estimate closes. . . how to make it rigorous?

Simon Schulz (SNS Pisa) Regularity for degenerate nonlocal PDE 10th July 2025 25 / 29



Formal H2 estimate

• Formally passing from div-form to non-div form:

∂t f + div((1− ρ)f eθ) = div((1− ρ)∇f + f∇ρ) + ∂2
θ f

= (1− ρ)∆f + f∆ρ+ ∂2
θ f .

• Test with ∆f for t ≥ t0:

d
dt

∫
T3
|∇f |2 +

∫
T3

( ct0≤︷ ︸︸ ︷
(1− ρ) |∆f |2 + |∂2

θ f |2
)

≤
∫
T3
|div((1− ρ)f eθ)|2 +

∫
T3

f 2︸︷︷︸
∈L∞t,x,θ

|∆ρ|2︸ ︷︷ ︸
∈L1+δ/2

t,x

• Formally, the estimate closes. . . how to make it rigorous?

Simon Schulz (SNS Pisa) Regularity for degenerate nonlocal PDE 10th July 2025 25 / 29



Formal H2 estimate

• Formally passing from div-form to non-div form:

∂t f + div((1− ρ)f eθ) = div((1− ρ)∇f + f∇ρ) + ∂2
θ f

= (1− ρ)∆f + f∆ρ+ ∂2
θ f .

• Test with ∆f for t ≥ t0:

d
dt

∫
T3
|∇f |2 +

∫
T3

( ct0≤︷ ︸︸ ︷
(1− ρ) |∆f |2 + |∂2

θ f |2
)

≤
∫
T3
|div((1− ρ)f eθ)|2 +

∫
T3

f 2︸︷︷︸
∈L∞t,x,θ

|∆ρ|2︸ ︷︷ ︸
∈L1+δ/2

t,x

• Formally, the estimate closes. . . how to make it rigorous?

Simon Schulz (SNS Pisa) Regularity for degenerate nonlocal PDE 10th July 2025 25 / 29



Formal H2 estimate

• Formally passing from div-form to non-div form:

∂t f + div((1− ρ)f eθ) = div((1− ρ)∇f + f∇ρ) + ∂2
θ f

= (1− ρ)∆f + f∆ρ+ ∂2
θ f .

• Test with ∆f for t ≥ t0:

d
dt

∫
T3
|∇f |2 +

∫
T3

( ct0≤︷ ︸︸ ︷
(1− ρ) |∆f |2 + |∂2

θ f |2
)

≤
∫
T3
|div((1− ρ)f eθ)|2 +

∫
T3

f 2︸︷︷︸
∈L∞t,x,θ

|∆ρ|2︸ ︷︷ ︸
∈L1+δ/2

t,x

• Formally, the estimate closes. . . how to make it rigorous?

Simon Schulz (SNS Pisa) Regularity for degenerate nonlocal PDE 10th July 2025 25 / 29



Formal H2 estimate

• Formally passing from div-form to non-div form:

∂t f + div((1− ρ)f eθ) = div((1− ρ)∇f + f∇ρ) + ∂2
θ f

= (1− ρ)∆f + f∆ρ+ ∂2
θ f .

• Test with ∆f for t ≥ t0:

d
dt

∫
T3
|∇f |2 +

∫
T3

( ct0≤︷ ︸︸ ︷
(1− ρ) |∆f |2 + |∂2

θ f |2
)

≤
∫
T3
|div((1− ρ)f eθ)|2 +

∫
T3

f 2︸︷︷︸
∈L∞t,x,θ

|∆ρ|2︸ ︷︷ ︸
∈L1+δ/2

t,x

• Formally, the estimate closes. . . how to make it rigorous?

Simon Schulz (SNS Pisa) Regularity for degenerate nonlocal PDE 10th July 2025 25 / 29



Formal H2 estimate

• Formally passing from div-form to non-div form:

∂t f + div((1− ρ)f eθ) = div((1− ρ)∇f + f∇ρ) + ∂2
θ f

= (1− ρ)∆f + f∆ρ+ ∂2
θ f .

• Test with ∆f for t ≥ t0:

d
dt

∫
T3
|∇f |2 +

∫
T3

( ct0≤︷ ︸︸ ︷
(1− ρ) |∆f |2 + |∂2

θ f |2
)

≤
∫
T3
|div((1− ρ)f eθ)|2 +

∫
T3

f 2︸︷︷︸
∈L∞t,x,θ

|∆ρ|2︸ ︷︷ ︸
∈L1+δ/2

t,x

• Formally, the estimate closes. . .

how to make it rigorous?

Simon Schulz (SNS Pisa) Regularity for degenerate nonlocal PDE 10th July 2025 25 / 29



Formal H2 estimate

• Formally passing from div-form to non-div form:

∂t f + div((1− ρ)f eθ) = div((1− ρ)∇f + f∇ρ) + ∂2
θ f

= (1− ρ)∆f + f∆ρ+ ∂2
θ f .

• Test with ∆f for t ≥ t0:

d
dt

∫
T3
|∇f |2 +

∫
T3

( ct0≤︷ ︸︸ ︷
(1− ρ) |∆f |2 + |∂2

θ f |2
)

≤
∫
T3
|div((1− ρ)f eθ)|2 +

∫
T3

f 2︸︷︷︸
∈L∞t,x,θ

|∆ρ|2︸ ︷︷ ︸
∈L1+δ/2

t,x

• Formally, the estimate closes. . . how to make it rigorous?

Simon Schulz (SNS Pisa) Regularity for degenerate nonlocal PDE 10th July 2025 25 / 29



Galerkin as a tool for regularity

• For f smooth, can freely pass from div-form to non-div-form. . .

• Consider linear Galerkin approx.

∂t f
n + div((1− ρ)f eθ) = div((1− ρ)∇f n + f n∇ρ) + ∂2

θ f
n,

where f n =
∑n

j=1 βj(t, θ)φj(x) . . .φj eigenfunctions of ∆x on T2

• f n ∈ C 1
t,θC

∞
x smooth enough !

• initial data chosen s.t. f n(t0, ·, θ) =
∑n

j=1⟨f (t0, ·, θ), φj⟩φj

• Arguing by difference quotients/mollif.+commutator does NOT work:
always lose the cancellation of ∇f · ∇ρ terms . . . left with ∆f ∇f︸︷︷︸

L2
t,x

· ∇ρ︸︷︷︸
L2+δ
t L∞x
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Convergence of Galerkin

• Perform the H2 estimate for each Galerkin approximant: ∥∆f n∥L2
t,x,θ

for

t ≥ t0 get f n ⇀ f̄ weakly in L2
tH

2
x ,θ define w := f − f̄

∂tw = div((1− ρ)∇w + w∇ρ) + ∂2
θw

• Test with w :

1
2

d
dt

∫
T3

w2 + ct0

∫
T3
|∇x ,θw |2 =

∫
T3

w∇ρ · ∇w

≤ ∥∇ρ(t)∥L∞x︸ ︷︷ ︸
∈L2+δ

t , remember Gehring

∫
T3

w∇w ,

close the estimate with Young + Grönwall to get w ≡ 0

• Bootstrap with difference quotients in time
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Initial data for Galerkin. . . (a little caution)

• For the H2 est. to close at the Galerkin level, need to control initial
data. . . remember:

1
2

d
dt

∫
T3
|∇f n|2 + (. . . ) ≤ (. . . )

so need lim supn→∞ ∥∇f n(t0)∥L2
x,θ
≤ ∥∇f (t0)∥L2

x,θ
.

• Orthonormality of φj basis of H1 implies

∥f n(t0, ·, θ)∥2L2
x
=

n∑
j=1

⟨f (t0, ·, θ), φj⟩2 −→ ∥f (t0, ·, θ)∥2L2
x

and, meanwhile,

∥f n(t0)∥2L2
x,θ

=

∫ 2π

0
∥f n(t0, ·, θ)∥2L2

x
dθ,

so Monotone Convergence Th. =⇒ ∥f n(t0)∥2L2
x,θ
→ ∥f (t0)∥2L2

x,θ
. . . same

story for ∥∇f n(t0)∥L2
x,θ
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x,θ
. . . same

story for ∥∇f n(t0)∥L2
x,θ
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Questions?

Thank you. Questions?
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